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INTRODUCTION

This technical note presents formulas suitable for the calculation
of the projected areas of arbitrary, axially symmetric surface sections
for a flared-cone figure. The formulas apply to aspect angles ranging
from 0 to 90°, measured from the symmetry axis. Derivations are
included. These are partially based upon work contained in the
Brown Engineering Company Technical Note R-18 titled '""Projected
Areas of Axially Symmetric Surface Sections for Several Geometric

Figures'", (May, 1962).



PART I PRELIMINARY DERIVATION

Figure (1) illustrates the flared-cone configuration dealt with in
this report. For convenience, the locations of the bands whose
projected areas are to be found will be specified in terms of the
distance from the front cone apex. As indicated in figure (1), the
unprimed h's are distances measured from the front cone apex. The
primed h's give the distances from the rear cone apex position.
Subscripts 1 and 2 refer to the front and rear band borders, respectively.
The relationship between measurements in the h and h' systems is

derived with the aid of figure (2):

hl = hl' + 2 hl' = hl -2 (1)
Q+2Z2 - hol (2)
D
ta.no:l = D Z = ___l__ - Q (3)
2Q + 2) 2 tan &,
D D
tane , = -1 Q = ——1 (4)
2Q 2 tana,

Substituting the value of Q from equation (4) into equation (3) gives:

D) _ D,
&tanal 2 tanox

(5)
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Substituting this value of Z into equation (1) gives:

D)

hy! = h, - — -
173 (cotctl cotOtz)

—

. D _
Since _ZL = hg) tano:l,

equation (6) may be rewritten:

1) - - -
hl = hl h01 tanml (cotOll cotcxz)

or, dropping subscripts, we have for the general case:

t = - -
h h hOl tan¢>¢l (cottJ'tl cotaz)

(6)

(M)

(8)

(9
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PART 11 FRONT CONE PROJECTED AREAS

Projected areas for bands lying on the front cone may be calculated
with the aid of the equations derived in the May, 1962, report referred

to in the introduction.

A = ™ tanat | cos 0 (h," - h,?) (10)

o
LY
o
na

2
cxl hOl < hZ > hl (11)

A = (hzz' -hlz)ta.no(l tanctlcos e

1
(sinZ e - tanztxl cosZ 9) e

7 - sin
sin 6
1
2
+ (sinZ 0 - tanzd coaZ 0)
1 (12)
o < 8 ¢ 90° h 2h > n (13)
1 0l 2 1
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PART 11l REAR CONE PROJECTED AREAS

I11 a) Figure 3 illustrates that for aspect angles less than or
equal toX 1’ the front cone does not obscure bands lying on the rear
cone. Sincea, % X |, this case may be dealt with by the method
of ellipse subtraction, Formula (10) may be applied directly.

A = T tan’a, cos 8 (hy" - b 'H) (14)

or, in the unprimed system,

- 2 2
A = Mtan a?_cose (hZ 'hOI tant'J(l Eotdl -cotO(z] )

2
(h, - h) tan&  jcota, - cotO(Z] ) (15)

o
A
[ o]
A

by ,
o, h, > hy 2 hy, o, >0, (16)

II1b) For Oll < o ¢ 0(2. we have the case illustrated in
figure (4). This case is distinguished from case Il a) by the fact
that in the projected view, the front cone apex is found on the rear

cone projected surface. Rear cone band borders appear as non-

intersecting ellipses,
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Three distinct subcases occur for this range of 6:
111 b) (1) The projected apex point of the front cone may
lie inside both band borders.
III b) (2) It may lie on the band.
111 b) (3) It may lie outside both band borders.
Since the projected areas for rear cone bands depend upon pro-

jected apex location, the relationship between h, 6, &, O(Z, (where

1

h corresponds to the position of the projected apex point) is derived

with the aid of figure (1).

- n - n
tan 8 = h_l. tano, = __l_. (17)
1 h
1
hl tan 8 = hl' tanO(Z (18)
hl' tanclz
tan @ = Y (19)

1

or, dropping subscripts on h,

tancxZ
tan® = | h-hy tanor, (cotal - cota) T (20)

-1 tancxz
6 = tan h - hOl tanal (cotal - cotOla) — (21)

10



The analytic conditions on 8 defining the three subcases listed

above are:
111 b) (1)
‘ -1 tan az

8 = tan hl - hOl tan()ll <cot0(l - cotaz) T (22)
< >
= X 2

o < o ) h, > h hg, (23)

111 b) (2)

| tan &
) h, - h__ tano (cotO( - cot & ) 2
tan 1 ” "oy 1 ] 2 h { o

1

tan X
4 tam-l h, -h_ tanx (cot°l - cot & ) -2
2 01 1 1 2 h (24)

2
o, <o fo, h, > hy 2 by, (25)
111 b) (3)
tan [:h‘2 - hy, tan ot (cottxl -cottxz)] [ h ]J = 0 (26)
o <o fa, h, > h z hy) (27)

11
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The case 111 b) (1) may be treated by ellipse subtraction:

A ‘ﬂtan?‘oc cos 9/!lh_ -h tanx <cot°< ~cotcx) 2
2 2 01 1 1 2

2
- - o - x
[hl h01 tana | (cot p - cot Z):l } (28)
-1 tan otz
tan [hl - hy, t:anOll (cot o, - cot az):l ['—};1_' (29)

(30)

(- ]
na

R
AN
[ o]
A
Q
=
v
-
v
-

The case IIl b) (2) is dealt with by calculating the projected area of
the band by ellipse subtraction and then subtracting from this result the

area of the apex falling inside the band (figure 4), thus:

A = Tftanzov. cos O h -h tano (cota - cot ™ ) ¢
2 2 01 1 1 2

2
-I:hl - hy tane (cotoll - cot otz)] - A 61)
-1 tano:z ?
tan hl hOl ta.nml(cotcv.l - cot Otz) h j < 0
-1 tan o,
< tan [hz hOl tanc(l ( cota - cot&™ ):l [ ] (32)

< >
o, < 8t o h, > hy % ng, (33)

where A' is the apex area falling within the projected band.

12



To calculate A', we write the equation of the projected apex line
and the equation of the inner-band ellipse and integrate (figure 4)

between the line and the ellipse:
Y21

where the subscript fcl denotes {ront cone line and eh denotes the
ellipse corresponding to hl'

With the origin of coordinates at the center of front cone base
ellipse

1
X = mfc

+ .
fel y Cfcl(from equation (14), May 1962 Report) (35)

1

where m, . and C refer to the front cone line projection.
fcl fcl

In the same coordinate system, the equation of the ellipse is:

2 2
(X + W) . X - 36)
z 2 (
a' bl
or,
1
a' 2
= 2
X = b (b'z -y - W (37)

13
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With these substitutions for Xfcl and xeh , the integral A' becomes:
|
1
yZl E
! C al 5 2 2
A= 2 m Y PCUl -y - W dy (38)
fcl
0
Yz1 Ya Yz1 %
' 2
= 4 ydy + Zcfcl dy - 2_3_:_ (b'” - yl) dy
Mfcl b
0 0 0
Y21
+ 2W dy (39)
0
which, when integrated, gives:
2 \ y
- Yzl a' 2 2 2 . -1,7zl
A = %+ 2C - 2 e e ' =z
™ ST L S T
fcl
+ 2Wy,, (40)

The remainming part of the solution consists ot expressing C

fcl’
a' b, W, m ) and Y, in terms ()I'Otl, O‘l. e, hl' and h(”.
We have:
Ceer - hOl sin 6 (41)
a' hl' tan c(& cos 8
B h, -h tan & cot™@ - cot & ) tan & cos O (42)
1 01 1 1 2 J

14



=
n
=
—
1
=2

2 2 tan &

fcl 2 .2 1

(sin2 0 - tanz&tl cogz e)

Since Yo is the y coordinate of the point of intersection of the
projected ellipse corresponding to hl and the projected cone line
corresponding to the front cone with altitudes hOl . we solve the

equation of the ellipse and cone line simultaneously to obtain y 1
2

1
- al 2 2,2
le B (b - yzl ) w
X = ! y + C
zl m zl fcl
fcl
1
1 _ a 2 2. 2
m Yzl * fcl h b’ (b’ -yzl) - W
fcl

15

L | - - 2 ~ -
b hl tan oLZ [hl hol tdncxl ((otal cotal)] tant'it‘2

(43)

(44)

(45)

(46)

(47)

(48)

(49)



Squaring both sides of equation (49) gives

1 ¢ .2 2 12 2
I w) +(C. .+ W) a2 .-
— Yz ¥ (€t Wy, + Cpa = { Yo )
m ey meep  C z € b2 zl
2
S oartoaly 12
pré ®

or, temporarily dropping subscripts for economy in writing,

m b'z

Y-
(— * 4 )yzl2 + %(C**W) Va1t I:(C+W)2-a'zj, = 0 (51)

The solution of this quadratic form is:
1

where:

2 2
v, -B 1 (.?A - 4AG) (52)
A= (A, a’ ) (53)
mZ b'Z
B = £.(C+W) (54)
m
G = (C+rw)-a? (55)

16



2 2
vz1=~-—m—(C+W)t [—r;(c+W) ¢
1
2 . 2 2
1 a' 2 .:) 1 a'
- + - al - +
4(‘“:2 ;'1') ((C+W) a a(;‘z ;z-) (56)
1
_cfcl t W) a'Z - a'2 W 2 412
m 2 5 (Cger * U
fcl mfcl b
Y1 (57)
2
| a'
(—5  + =)
m b'
fcl

where the negative sign before the radical has been chosen to yield the
smaller positive solution (see figure 4).

The case I1I b) (2) may be summarized:

2 2
A = 7tan azcose [hl -h01 i.:-motl (cotctl - cototz)]

2
- [hl - hOl tann{l (cotal - cot az)]

2
Yz1 a'

1
2 2y 2
- T ¢ -
mier | CtaYal T b [Yzl(b Ya1)

2 -1 yzl
+ b'" 8in X + zWyzl (58)
-1 tan o 11
- - 2
tan [hl hOl tanar, (cot(:ll cotaz)] [ . <o
1 JJ
-1 . tan X ]
< tan h, - hOl tana | ((otul - cotaz) — 2 (59)
2

17
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1]
1%
=
\4
=
liv
-2

where
a' = [hl - h01 tanal ( cota1 - cot dz)] [tan 012 cos 6]
= - x - a t a
b' [hl h01 ta.n()tl (cot ) cot 3)] an 5
Cel T hOl sin 0
W = (hl - hOl) sin 6
_ tanal
m - -
fcl ; 5 1
(8in” 0 - tanaalcos 0)Z
1
2
Gt W a2 et
mfcl mf l b.z fcl b'z
Y = <
zl 1 ,2
( 3 + 2
Mecl b

(60)

(61)

(62)

(63)

(64)

(65)

(66)

In case IIl b) (3), illustrated in figure (5), the front cone apex point

falls outside both back cone borders. The solution for this case may be

obtained directly from the solution for case I1I b) {2) by the use of

appropriate subscripts.

18
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. 2 , } . . . e
A = Wtan C(& cos 0 [h& h01 tanal (LotO(l Lotaz)]

2]
_[hl - h01 tanO(l (Lotal - cotOtz)] J

2 -17Yz1 (yzl
1 .3 mm—
4 bl sin 5 ] + Zlezl - + chclyz.l

Mgl

1
a 4 2 Yy
2 « 2 2 -1 7z2
o [sz (bz' EREY: ) tb)’ sin bz']+ tWoYa2

tanQ
- tan @ : - ¢ 2
tan h h()l @, ((otal (utal)

h,

e

?

<
a, < o - a, h, > h * hgy,

™

where

- -
[— _ . . P . .

a’ - [hl h()l tdnal ((ntal (()taa) L—t.ma‘zxos 9]

bl' B [hl - h01 tama] (cut al - cot Q‘:) L-li\n QZ]

az' : [hz - hOl lnnal (cul d-‘ - cot az) L.tana‘: cos 6]

b, [hz - by tan @, (cnta| - cot a:)] [mna_,]

(67)

(68)

(69)

(70)

(1)

(72)

(73)



~ = i 9 74
Cfcl hOI 8in (74)
W = (h -h sin 6 75
p = By - hgy) e (73)
= - in 6 76
WZ (h2 hOl) sin (76)
_ tan x
Mfel = 1 1 (77)
(sinz e - tanzal cos‘)‘ 0)<Z
_ 1
(Cfcl W, ) [i“)'& ayé (c IRTIN 31'4" :
- — ) - - — a4 —
} mey mf(‘lz b2 fcl 1 b 28)
Y1 ° (
Y-
R |
el bl'z
1
2
2 L ot 2 4
L te PV . e e wy M
- 3 b 2 fcl 2 b 2
Mfel Mgy 2 2
Vae L, e (79)
2 2
mfcl bl‘

<

III ¢} For az < e 90, the equations listed in the May, 1962,
report apply. However, special consideration must be given to bands
that are partially obscured by the straight line portion of the projected
front cone.

Figure (6} illustrates the three possibilities for this range of

aspect angle.
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111 ¢) (1) Band not obscured by front cone.
II1 ¢) (2) One band border falls behind front cone,
I1I c¢) (3) Both band borders fall behind front cone.

These three cases may be analytically defined by the following

relationships:
1II ¢) (1) L2 > YL1 2 yq (figure 7) (80)
e (2 y 2 Ve ¥ YLl (figure 8) (81)
W () vy > v, > Y (figure 9) (82)

where yhz and YL, are the y coordinates of the points of tangency of the
rear and front band borders respectively with the straight portion of the
rear cone projection, and yq is the y coordinate of the point of intersection

of the straight line cone projections.

Case 111 ¢) (1), figure 7, may be treated by formula 33, May, 1962,

report. The condition

>
YL?2 2 YLl - yq (83)

may be expressed in the form (from equation 31, May, 1962, report)

b
c,

[ R

1
e 22 Y 2 2
(C,)” - a, )y > 'Cl—,(C]' - &l' ) 2 y (84)

y is obtained by writing the cquation of the two straight lines in the
q

same coordinate system and solving simultaneously. Taking as the

23
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origin of coordinates the center of the front cone base ellipse, we have

for the front cone line

1
= + C
Xq Mgl Yq

where the subscript fcl refers to the front cone line.

For the rear cone line equation we have:

X = 1 y + C

q rcl
E Micl
or
X = 1 y + Qsin#®
q Myci 1
Equating equations (85) and (87)
1 Yq * Cfcl Yq t+ Qsin @
Micl Mecl
_ Q sin 8 - Cq
yq 1 1
Mecl m.a
where
Q - tanx 1

—— (h
tano , (Ol)

25

(figure 2)

(85)

(86)

(87)

(88)

(89)

(90)
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Summarizing case 111 ¢) (1), we have

26)

1
2

h2> h)

>

h

01

Q sin 6 - Cfcl

Mgl m

2 2
= 1 - [}
A (hZ hl )tana2 tano
| (sin2 6 - tan?‘a cos
T - 8in
sin O
+ (sin2 e - tanta cos? 0)
< o
o, < 8 = 90
' 1
b - b,!
¢ 22 1 2
g (Cm - 2 g ey
2 1
where
' = - -
hl = hl h01 tanOtl (cot(!l cotaz‘)
[ - . - e}
h& h‘: hOl tanml (Lot Oll cot 3)
! - an & otk - [0
al _hl hOl tan 1 (xot | cot )]
b 1

1 01

- ana . & - ¢
Lhz hOllm ](u)l 1 cot &x

<

h -h tanal (cntal - cotaz)-]

)]

rcl

tanaZ cos 0:]

Ltan OZ]

tan & _ cos 9]
2

(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)



h, -h tan & (cuta -cota) tan &
2 0l 1 1 ‘)‘_1 2

- a - :
h1 h01 tanal(cot ) COtaZ) 8in 6

- —_
- . [0 SR o i
Lhz hOl tan Otl (cot 1 cot 2) sin 0

i

= h sin ©

B tan& 1

o | -

2
(sin @0 - tanza 1 cos2 a)

tan o
.- 2

1
(z;ina 0 - tan&a R c;os'£ 8) &

t o
Q - =271 (hy )

Case 111 ¢) (2), figure 8, may be dealt with by subtracting from

the projected band area given by equation (91) the area obscured by

tan &

2

the front cone, given by

Yq Yo

2 (chl - xehl) dy + (Xfcl - xeh ) dy

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)
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where

rcl and fol refer to the rear cone line and the front cone line,
respectively.

ehl denotes the projected ellipse corresponding to hl.

Y, is the y coordinate of the point of intersection of the front
cone line projection and the projected ellipse corresponding to hl'

YL YL2' yq. and Y1 have been defined by equations (84), (89),
and (57).

To evaluate the integral, we choose as the origin of coordinates

the center of the ellipse corresponding to hl' In this system we have:

|
a’ 3
b, < - '
°hi g (by'™ -y, ™
X = y + C 4 1 P
fcl mea fel
1
X = y + h, sin @
fcl Mg 1

To obtain the equation of the rear cone line projection in the eh

coordinate system, we write:

|
= + C -V
xrcl m 4 rcl
rcl

29
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(109)
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4—.—-—_4—--————-——————-&

where (:x'vl h()‘:' sin 8
and V = (hoz - hl) sin 0
so that
C -V = h/'sin8
rcl 1
giving
X = ! y + hl' sin 6
rcl l“r(l

We may now evaluate the integral for A,

Yq

[—
A = e (erl el

lnrcl
YL
yzl
1 Ly
mMea
Y

-X ) dy +
'

y + h

M

q

's

sin o -

30

zl

X - X
Xgen e

1
a’ 2
: 2 2
me-bl' (b,% y9) ]dy
1
a,' _l_ Y
1 2 2
b 1oy ) ]d‘/J

h)

) dy

(111)

(112)

(113)

(114)

(115)

(116)
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(l
A - 2

M

llll

g !

Y Yy

2
Y&— } (hl' sin 8)y

—
c
‘-_
]
~
™~
-~
[
(=%
<
-+
—
~fs
.

~
N
— —
c
-l\-
P |
~/

L
2 | Sin 8) (yzl - yq)

31

+ (hl s5in 0) y

zl
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or

s —_— 4 ' 51 -

1
a.! —-—
1 { 2 2.2 2 -1 ,7L1
+ | — yl.,l(bl' -yLl) + b.'"” sin (___)

b| l bl
1 L 1

+ 2(h, sin 8)(y -y) {119)
mg ] zl q

Summarizing case Il ¢) (2), we have

2
A = (h' -h 'z) tan & tan@ cos 0
2 1 2 2

1
2 2
( -1} (sin 0 - tanza > cos& 0) )
T - sin 2
l sin 8
2 2

1
+ (sinz 8 - tan & ,cus‘: 9)2 - Yq ERAN
m

rcl

ay
2
behy s Oy -y ) ‘rl.’ (["Ll(bl' - Yle)Z
1
1

2 -1 y[l 2 2
RN Lyl . - -
hl sin o ):I Yo (bl' Y1) + b, % sin l( YLI.)
1 ! b’
1

Yzl Yg .
+ + 2(h} sin 8) (yzl - yq) (120)



O(&/\' 0 < ‘)0“ h, > h 2 h

2 1 0l
b, 1 bt 1
2 2 22 > %sin 8 -Cye 1 2 2,2
q‘c?f -t s = — > & (Cy% - a9
Meel mrcl
where
hl' = hl -h  tana (cota - cotax )
L - [0 4 ot & X )
h2 h& hOItan ((Ut ) cot
' o= [ - ot ot x|, - (o )
a.1 th h01 tan ) (LO[ 1 cot 2 ] [tanaz cos 6]
I = r - fe'd ( le% -
bl hl h01 tan \ cot \ Lotaz)] [tanal]
az' = hg'h()lta"al(“’tal -cotQ}_ [tanaz cos 6]
r y
b, = ha-hmtanal(cmal-mtaD [tanaz]
Cl' = h] - h()ltanal (u>th - cot D sin 0
Cc/'! = —h - h tan (x (cowx -nna‘ﬂ sin 0
2 | 2 01 1 1 2 /]
Cfcl = hOl sin O
) tanC\l L
mfcl i (sin& Q9 - t.'mza rus‘: ())‘:

1

i3

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)



tan &
I

Meet - , 1
(sin” 6 - mnzazms“ 0)2
tan al
Q= —2L )
t o]
an 2
1
b ! 2. 2
y = 1 (cll -a'
L1 c 1
1
Q sin 6 - Cf(tl
y =
q 1 ; 1
Ml mrcl
1
h, sin 0 a e a e a .4 2
( 1 ) 1 1 . 2 1
- - - ~——(h, sin 6) 1
Meel T W i b ‘¢
y = cl 1 |
z] ,
| t a,'”
( 5 L)
m b.'
fcl 1

Case U1 ) (3), figure Y, which s defined by the condition

Ya > VLe 2 Y

(133)

(134)

(135)

(136)

(137)

(138)

may be treated by subtracting trom the projected band area piven by

equation (91) the area obscured by the front cone, given by
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All integration limits, with the exception of Y, have been
defined above.

Y2 i8 defined by equation (137) with a change of subscript.
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X land X lha.ve been written above (case 11l c) (2)) in the
rc c

coordinate system with the origin at the center of the projected

ellipse corresponding to hl'
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For Xeh in the above coordinate system, we write
Za ' 1
2 2 2 2
X = — () -y) .y
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where

Y= (hZ - hl)sin(')
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With the above substitutions
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Summarizing case 111 ¢) (3), we have
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is defined by equation:
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I FRONT CONE
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A = (h, -hlz) ta.nal tanCx, cos 8
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PART IV SUMMARY OF EQUATIONS

(hgy 2 h, > hy)
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A = (hz'a - hl'&) tan@, tano cos 6
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i = (hi - h(”) sin ©

7= (h, -h)sine

46

(174)

(175)



